We give necessary and sufficient conditions for a metric space to be complete through existence fixed points for set-valued mapping.
Introduction
The Banach contraction principle for a single-valued mapping [1] states that for a complete metric space X, every contraction mapping on X has a unique fixed point. However contraction mapping cannot characterize the metric completeness of X. An example of a non-complete metric space X on which every contraction on X has a fixed point has been given by Connell [2] . To overcome this problem, Subrahmanyam [13] used Kannan mapping to characterize the completeness of the metric. He showed that a metric space X is complete if and only if every Kannan mapping on X has a unique fixed point.
The above mentioned results are valid only for single-valued mappings. For a special class of set-valued mapping, the characterization of completeness of a metric space has been given by Kuratowski [10] . He proved that a metric space X is complete if and only if every sequence F n of closed subsets in X with F n ⊃ F n+1 has a nonempty intersection. For different class of set-valued functions, Dancs, Hegedus and Medvegyev [4] gave a necessary and sufficient condition for a metric space to be complete using the existence of stationary points.
In this paper, the result of [13] will be generalized for any set-valued mappings. For that we first introduce the existence of fixed points for Kannan set-valued mappings. Using this existence of fixed points of Kannan set-valued mapping we then characterize the completeness of metric space.
Preliminary Notes
Let (X, d) metric spaces. The mapping f : X → X is called Kannan mapping if for every x, y ∈ X and β ∈ 0, 1 2 we have [7] 
In the following cl(X) and cb(X) denote the family of all nonempty closed subsets of X and the family of all nonempty closed bounded subsets of X,
We note that Hausdorff distance H is metric in cb(X). If X is complete, then (cb(X), H) is also complete. Let F : X → cb(X) be a set-valued mapping. Points x ∈ X are called fixed points of F if x ∈ F (x). Single-valued f : X → X is said selection of F , if f (x) ∈ F (x). Kannan mapping are defined for set-valued as follows.
is called Kannan mapping on X if for every x, y ∈ X and β ∈ 0, 1 2 we have 
iii. The sequence {x n } is convergent and its limit is a fixed point of F . 
[5] has proven that a metric space X is complete if and only if each setvalued F which satisfies the property Dhompongsa and Yingtaweesittikul operator has fixed point, see the following theorem. 
Lemma 2.7 ([9]
). Let (X, d) be a metric space,x, y ∈ X and A, B and C are subsets of X. The following statements hold.
If A ⊆ B, then d(A, C) ≥ d(B, C) and h(A, C) ≤ h(B, C) and h(C, A) ≥ h(C, B).

d(x, A) ≤ d(x, y) + d(y, A).
d(x, A) ≤ d(x, y) + d(y, B) + h(B, A).
d(x, A) ≤ d(x, B) + h(B, A).
Definition 2.8 ([11]). Let (X, d) be a metric space. The set-valued mapping F : X → cb(X) is called M operator if for each
x, y ∈ X and real number a, b, c > 0 such that p + q + r ∈ [0, 1) and
Main Results
In this section we discuss the main result of this paper. First we show that every Kannan mapping for set-valued on a complete metric space X has a fixed point.
Proof. Let x 0 be any point in X and
and 0 ≤ β < 1 2 . By Lemma 2.6 there exist x 2 ∈ F (x 1 ) such that
Since F Kannan mapping, then we have
where α = qβ 1−qβ < 1. Using the same procedure, for
. Therefore x 2 is also a fixed point for F . If H(F (x 1 ), F (x 2 )) > 0, then by Lemma 2.6 there also exist
The procedure can be proceed further to form {x n } in X which has properties
for each n ∈ N. Inequality (5) can be written as
where n ∈ N. If n, p ∈ N, the (6) produces
Since 0 ≤ α < 1, it gives α n → 0 (as n → ∞). This shows that {x n } is a Cauchy sequence in X. Moreover {x n } is convergent to x * ∈ X, because X is complete.
Next we apply Lemma 2.7 and F Kannan mapping to obtain
. In other word x * is fixed point of F .
Theorem 3.2. Let (X, d) be a complete metric space. If set-valued F : X → cb(X) is Kannan mapping, then F is Weakly Picard Operator.
Proof. Based on the proof of Theorem 3.1, we can construct a sequence x n in X with x 0 ∈ X and x 1 ∈ F (x 0 ) and x n+1 ∈ F (x n ) for each n ∈ N. Part (i) and (ii) of Definition 2.3 are clearly satisfied. Furthermore, part (iii) has been proved above (Theorem 3.1). Hence, F is Weakly Picard Operator.
In the following theorem we show that Definition 2.2 and 2.3 are equivalent for the case of set-valued F which is closed bounded subsets of X.
Theorem 3.3. Let F : X → cb(X) is the set-valued on X. Then F satisfies Definition 2.2 if and only if F Weakly Picard Operator.
Proof. ⇒ Definition 2.2 says that if x ∈ X and y ∈ F (x) then F (y) ⊂ F (x); which means that if x = x 0 and y = x 1 ∈ F (x 0 ), then F (x 1 ) ⊂ F (x 0 ). Therefore we can construct of a sequence x n+1 ) ; and lim n→∞ d(x n , x n+1 ) = 0. The last part means that for each > 0 and n ≥ N ∈ N , we have d(x n , F (x n )) ≤ 2 . Thus there exists x * ∈ F (x n ) and d(x n , x * ) ≤ for all n ≥ N, and the sequence x n is converging to x * ∈ X. Since for all n ≥ N,
we conclude that the sequence x n → x * for n → ∞ and x * is a fixed point of F . ⇐. Take a point x ∈ X and y ∈ F (x), so that there exists a sequence x n in X where x n+1 ∈ F (x n ) for all n ∈ N, sequence x n → x * and x * a fixed point of F . For every x ∈ X we define a set-valued F : X → cb(X) as follows
Clearly that set valued F is Weakly Picard. If x ∈ X, y ∈ F (x) and
Theorem 3.4. Let (X, d) be metric space. Then X is a complete if and only if for each set valued F : X → cb(X) which satisfies Definition 2.2 has a fixed point.
Proof. ⇒ For all x ∈ X, the set valued F : X → cb(X) which is defined as
clearly satisfies Definition 2.2 (a), i.e. if y ∈ F (x) then F (y) ⊂ F (x), and
Using Definition 2.4 we construct a sequence x n in X where
For arbitrary n, p ∈ N, we obtain
for all n, p ≥ N. Therefore the sequence x n is a Cauchy sequence in X. Since X is complete, x n is convergent to x * ∈ X. We know from Lemma 2.7 that
for all x ∈ F (x * ). Therefore d(x * , x) < and inequality (10) becomes
Since x n is convergent to x * ∈ X and > 0 is arbitrary, inequality (11) gives
. ⇐ Assume that a metric space X is not complete, i.e there exist a set sequence A n which is nonempty closed subsets of X such that
We first show that F satisfies Definition 2.2. Taking x ∈ A i and x / ∈ A i+1 implies F (x) = A i+1 . Subsequently if we take y ∈ F (x) = A i+1 and y / ∈ A i+2 , then F (y) = A i+2 . Therefore F (x) = A i+1 ⊃ A i+2 = F (y) and Definition 2.2 (a) is satisfied. Now take a sequence x n in X with x n+1 ∈ F (x n ), n ∈ N. By (12), there is a sequence index i n ∈ N such that,
Since lim n→∞ δ(A in ) = 0, lim n→∞ d(x n , x n+1 ) = 0 and Definition 2.2 (b) is satisfied. So F satisfies the property of Definition 2.2. But for x ∈ X, the point x / ∈ F (x). This means F has no fixed point (contradiction). Therefore the metric space X must be complete. Proof. Assume that set-valued F : X → cb(X) is a Kannan mapping on X. Therefore for each x, y ∈ X and a real number α ∈ [0, 1 2 ) we have
Take two non-negative numbers β and γ such that 2β + γ ∈ [0, 1) and β = α. Then we suppose that a sequence x n is convergent to y ∈ X and x n+1 ∈ F (x n ) for all n ∈ N. If we set that x = y ∈ X then there exists a number N ∈ N such that for each n ≥ N we have d(x n , y) < 1 4 d(x, y).
, for each n ≥ N we have
Since F is a Kannan mapping and x n+1 ∈ F (x n ) then for each n ≥ N we also have
When n → ∞, inequality (16) can be written as
On the other hand we know that , we obtain from Definition 2.8 that
y).
Hence we also have H(F (y), F (x)) ≤ β [d(y, F (y)) + d(x, F (x))] + γd(y, x).
Therefore we conclude that Definition 2.4 is satisfied by F . This completes the proof.
From Theorem 2.5, Theorem 3.1 and Theorem 3.6, we conclude ii. Each set-valued F Kannan mapping has a fixed point.
